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Introduction

[VIadimir N. Vapnik]

Vladimir Naumovich Vapnik is one of the main developers of the Vapnik—Chervonenkis theory of
statistical learning, and the co-inventor of the support vector machine method.

Vladimir Vapnik was born in the Soviet Union.(Dec 6, 1936)
He received Ph.D in statistics at the Institute of Control Sciences, Moscow in 1964.

3 ISL Image System Laboratory



April 10, 2019

Introduction

4 ISL Image System Laboratory



April 10, 2019

SVM (Hard margin)

+* Decision rule & Constraint.
w-uz=0C

w-u+b >0 then + Decision Rule

S|

Xy +b =1 _ | +1 for+samples
‘X 4+b<-—1 YT 1-1 for - samples

<

yl(Wfl‘Fb)Zl

W TV, Y 0
perpendicular(median) yi(w-X; +b) —1 =0 Constraint

yi(W-X; +b) —1 =0 Gutter
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SVM (Hard margin)

“* Width & Margin
width = (iy — X_) - (unit normal)

= (X; —X_) " 5=¢
P Al
’ . _
> 7 width .y 4% o 3%
7 + "1 —n " A= "TT—=n
- lw| |w|

Use the gutter condition.
yl(V_Vfl‘Fb)—l:O
+samples: w-X, +b—1=0
unit normal -samples: —w-x_ —b—1=0

_b+1 b+l | 2
Iwil - lwll llwll
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SVM (Hard margin)

“* Maximize(Minimize) Problem.

Maximize

1
Margin : Wl lw|| — ||w]|?

2

Maximize Minimize Minimize

Solver : Lagrange multiplier method

April 10, 2019

Constraint
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SVM (Hard margin)

“* Lagrange multiplier method.

Vfi(x,y) =aV(g(x,y))
Vi(x,y) —aV(g(x,y)) =0
Lix,y,a) = f(x,y) —a(g(x,y))

n

Lix,y, @) = f(x,y) — ) ai(gi(x,¥))

=1

g(x,y)

) VL(x,y,a) =0
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SVM (Hard margin)

 KKT(Karush—Kuhn-Tucker ) Condition
n

L0, =f(0) = ) a(g:(0))  gi(6) 20
=1

KKT Condition 1

aL—O = k
66i_' i=1,...,

KKT Condition 2
aiZO, i=1,...,k
KKT Condition 3

a;9; (6) =0, i

|
=
=~
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SVM (Hard margin)

** Finding Optimal Hyperplane

N

L=l =Y @ [y 5+ b) — 1]

2 .
=1

2

= ZIWIZ ~ Y ayly (@5 + b) — 1]

April 10, 2019

KKT Condition 1

oL _ _
ﬁ=w—2aiyixi=0

L
%=—Z“i3’i =0

KKT Condition 2
04 > 0

KKT Condition 3

ai(yi(w-x%;+b—-1)=0

10
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SVM (Hard margin)

** Finding Optimal Hyperplane

1 i
L=5 - z a;yiX; —b (Z ai)’i) + Z a;
1 i _
. z Y z AiYiXi z &;YjXj
2“1__22aa]3’1y](x1 x]) Zaiyi=0 a; =0

Quadratic programming

- 2 a;"yiX;y W' Xgy +bT=+1
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SVM (Hard margin)

** Problem of hard margin method

A
A 1) Soft Margin with slack variable
A
‘/ A 2) Kernel trick
A
A
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Kernel Trick

s Concept of Kernel trick
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Kernel Trick

s Concept of Kernel trick

1 i
I = 2 a; — Ezz a;a;y;yi(X; - X;)
|

P (x;) - P(x;)
(%, %) = (%) - P(X)))

Linear : k(fi,fj) = X * X;

Polynomial : k(fi;fj) = (14 % - %)™

- _—qn2
—[|xi—x]
Gaussian : k(fi,fj) —=e 207

e | [ R —



“ SVM(Hard margin)

Example

x; = (—1,2), x, = (-3,3)

x3 = (1,-2)

April 10, 2019

z a; — —zz a;a;jy;y;i(X; * X;)

Viyj(Xi - X;)
51915
9 (18] 9
51915

15

=a1+a2+a3—

—9a,a, — S5a,a5

5

2
— 9,04

—a,% —9a,?% — Eagz
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Example

“ SVM(Hard margin)
5
L —_ al + az + a’g . Ealz — 9“22 — Eagz o 9“1“2 . 5“1“3 — 9“2“3

Eaiyi=a1+a2—a3=0 a120,a220,a320

from KKT condition 3
ai(yi(w-x%+b—-1)=0

casel) a; = 0,case2)a, =0,case3)a; =0,cased) a; #0,a, # 0,a; # 0
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Example
“ SVM(Hard margin)

Casel)a; =0
5
a, — a3z =0, a, =a; L=a;+a,+a; —Ealz — 9,2 —§a32 —9a,ay, — S5aa3 — 9a, a3
41 .
L — 2“2 _ 7“2

dL
—=2—41a, =0 a, =0.049,a3 =0.049,a; =0
da,

T z a;y;%; = 0.049[(=3,3) — (1,—2) ] = 0.049 (—4,5) = (—0.196,0.245)
a;[y:(W - %; + b) — 1] = 0.049[(=0.196,0.245) - (=3,3) + b — 1] = 0
b=1-(—0.196,0.245) - (=3,3) = 1 — 1.323 = —0.323

17 ’ 5 L Image System Laboratory



April 10, 2019

Example
“ SVM(Hard margin)

w = (—0.196,0.245) b = —0.323

w-x;+b=>1  (=0.196,0.245) - (—=1,2) — 0.323 = 0.363
w-x,+b=>1  (=0.196,0.245) - (=3,3) — 0.323 = 1
W-xs+b<—-1 (—0.196,0.245)(1,—2) — 0.323 = —1
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Example
“ SVM(Hard margin)
Case 2) a, =0
5

a;— a3 =0, a;=as L=a;+a,+a; —Ealz — 9,2 —§a32 —9a,ay, — S5aa3 — 9a, a3

L =2a; — 10a,?

dL
a—a1=2—20a1=0 a{1=0.1,(13=0.1,a2=0

W = Z ayi% = 01[(=1,2) — (1,—2) ] = 0.1 (=2,4) = (—0.2,0.4)
a;[y;(W - % + b) — 1] = 0.1[(=0.2,0.4) - (=1,2) + b — 1] = 0

b=1-(-0204)-(-12)=1-1=0
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Example
“ SVM(Hard margin)
w= (—0204) b=0
w-x,+b=1 (—-0204) - (-1,2) =1
w-x,+b=>1 (-0.2,04)-(-33)=18
w-xs+b<—-1 (-0204)-(1,-2)=-1
Case 3)a; =0

a1+0(2=0,
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“ SVM(Hard margin)

Cased)a; #0,a, # 0,a3 # 0

April 10, 2019

5

L=a;+a, +a3— 5“12 — 9,2 —§a32 — 9a,a, — 5a,a3 — 9a,a;
oL ) _
_:1_5a1_9a2_5a320 5 9 5 al 1
day 9 18 9||a2| =1

5 9 511%3 1.
a—=1—18a2—9(11—9(13 =0
6“2 'al] [5 9 51711 0.5

L az[=19 18 9| |1]|=[(-0.444

— =1-—5a; —5a; — 9ay = 0 '
da, 2 a3l s 9 s| 1 0.5

21
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Example

0

h =

w= (—0.2,0.4)
w-(x,y)+b=0

0.5x

y:

—0.2x+ 04y =0

EL Image System Laboratory
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“ SVM(Hard margin)

I
Z
3
4
5
B
i’
B8
g
0
1

X=[-12-331-2]:
Y=(p:'p:n'l

SVMMadel=fitcsvm(X.Y):

sv = SVMModel SupportVectors:
figure

gscatter(X(:.1).X(.2).Y)

hold on
plot(sv(:,1),sv(:,2), ko', MarkerSize',10)
legend('+', =", Support Vector')
grid on:

xlim([-5 5])

ylim([-5 5])

line([-5 51.(0 0])

line([0 0],[-55])

w=5VMModel Beta
b=SVMModel Bias

x=linspace(-5,5,100):
y==T#{w(1)/w(2))=x+b:
plot(x.y)

Example

) svm_test]
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C} Support Vectar
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